Certain Factors Affecting the Gain of Directive Antennas* 

By G. C. SOUTHWORTH 

Thw paper analyses the performance ol antenna array* as influenced by 
certain variables within the control of the designing engineer- It suns with 
an extremely simple analysis of the interfering ericas produced by two 
sources of waves of the same amplitude. This is followed by a abort dis- 
cussion of a paper by Ronald Foster, which considers two antenna* and afco 
16 antenna* when arranged in linear array. Two antenna* separated in 
space by J£ wave-length and in phase by M period give sensibly more 
radiation in one direction than in the oppose. This, for convenience, has 
been called a unidirectional couplet. A number of these couplets may be 
arranged in linear array, thereby giving an extremely useful directive 
system. Diagram* arc shown for such array* a* affected by the number and 
spacing* of the individual couplets. The gain* from such amy* are 
calculated and data arc given showing fair agreement between calculation 
and observation. 

Directional diagrams for array* of annul antenna* indicate iliac some- 
what less gain may be expected from thi* form than when the element* arc 
traced laterally. Combinations of these two types of arrays give marked 
directional properties in both their horizontal and vertical plane* of refer- 
encc. This principle has been used rather generally in abort-wave ^ com- 
munication . Thi* paper also di*eu«* effects resulting from combining 
two or more array*. In one case the space between two arrays tends to 
emphasize spurious lobe*. The directional diagram of such a combination 
may be rolated within limit* by changing the phasing between adjacent 

«riay» or »rctt»n« of An nrmy. In all of <hc atwv* en«* the influence 0( 

the earth \- ignored. a « , „ 

A mathematical appendix gives general equation* lor calculating o> 
rectional diagrams of linear array*. Special cases of these equations apply 
lo the figure* included in the main part of the text. General equations are 
jilso given for calculating the gain* of arrays. Similar equation* permit the 
areas of diagram* to be calculated. An extended bibliography on antenna 
arrays ts appended. 

Introduction 

THROUGHOUT the development of radio communication the 
engineer has aspired to a directive system whereby radiation 
might be projected from one point to another with a maximum 
of efficiency and a minimum of interference with adjacent stations. 
Also, he has aimed at similar directivity at the receiver to improve 
the signal -to- noise ratio and otherwise discriminate against un- 
desirable signals. It was recognized at a very early date that directive 
radio based on wave interference was feasible provided sufficiently 
short waves could be utilized, and as a result many interesting sug- 
gestions to this end were made. However, as is well known, the early 
development of the radio spectrum proceeded in the direction of long 

• Presented at Convention of 1. K, E.. Toronto. Ottt., Canada. Aug. 19, 1M0. 
Proc t , /. R.E., Sept. 1930. 
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waves rather than short waves, thereby deferring many of the applica- 
tions of these suggestions. 

The principle of wave interference on which most short-wave 
systems of directive radio are based has probably been known for 
several centuries. However, the first thorough treatment of this 
subject was by Sir Thomas Young/ who. together with Fresnel, 
securely established the wave theory of light in the early part of the 
last century. Even Hooke and Huygens. who had offered the wave 
theory over a century earlier, failed to recognize the full significance 
of interference* 

When Hertz started his celebrated experiments to verify Maxwell's 
theory he was, of course, in full knowledge of these phenomena and 
their explanation, and invoked their use in proving the existence of 
electric waves. It is interesting that in some of his experiments he 
made use of parabolic mirrors for both transmitting and receiving, 
having directional characteristics very similar to those sometimes 
used in present day radio practice. It is also of interest that he found 
that parallel wires stretched over a frame were quite as effective as a 
reflector as a continuous sheet of metal of similar dimensions, pro* 
vided the wires were kept parallel lo the lines of electric force of the 
arriving wave. He apparently did not investigate the effect of varying 
the spacing nor the length of the parallel wires, nor did his subsequent 
experiments otherwise tend toward the present day antenna array 
technique. 

This paper treats in an elementary way certain aspects of the 
antenna array problem, principally as regards the manner in which 
calculated directivity is affected by the number and spacing of the 
individual antennas which go to make up the array. The theory is 
applicable only to those forms of directive antennas which may be 
resolved into a aeries of individual sources. It does not apply to the 
so-called wave antenna. However, principles are included which have 
for some time been in general use in combining two or more such 
antennas. 

Extensive study has been given to directive antenna systems for 
use in transoceanic radiotclephony. Papers dealing with this general 
subject have appeared from time to time. 3 Further work is in prog* 
ress- Papers by E.J. Sterba and also by E. E. Bruce and H.T. Friisof 
the Bell Telephone Laboratories are in preparation which will include 

1 Phii. Trans, oj Royal Soc., 92, 12; 1802. 

1 R. Mi Foster, "Directive diagrams of antenna arrays." Btlt Sys* Ttck. Jour. f 
292, May. 1926. Austin Baiky. S. W. Dean, and W. T. Wtittringham, " Receiving 
system for long-wave transatlantic radkrtele phony, Proc. /. H. /*.., 16. 1694, December. 
1925, J t C. Schdleng. "Some problem* in *hort-wavc radiotelephone transmission," 
Proc. /. R. £.. 18 f 913; June, 1930. 
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certain calculated data similar to those contained in the present paper, 
and also experimental results obtained from teats on actual antennas of 

various sizes and proportions. 

In the early part of the following discussion each antenna is con- 
sidered as a spherical source of waves which radiates equal power in 
all directions. Furthermore, it assumes that the current in each 
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Fig. I— Interference pattern- Two cquiphased source* spaced one-half wave-length. 

individual source, in a given array, is the same and is not materially 
affected in either magnitude or phase by its proximity to other sources. 
The fair approximation to which these calculated results are realized 
in practice bespeaks the justification of these assumption?. 

The various stt*|& by which present day directional radio has been 
developed are extremely interesting, but they are so involved in the 
development of radio itself that their enumeration is considered out- 
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side the scope of this paper. However, bibliographies arc cited below 
covering some of their important phases* 

FXBMRNTAKY PRINCIPLES 

The interference patterns resulting from a number of individual 
sources of waves, such as antennas, are dependent on both their 
spatial arrangement and the magnitudes and relative phases of their 
forces. This makes possible an almost unlimited number of com- 
binations of which only a portion have thus far found use in com- 
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Fij. 2— Interference pattern. Two sources separated tn space by on*!- fourth wave- 
length and in time by one-fourth period. 

munication. This paper will restrict itself mainly to some cases which 
are already finding general application. As a suitable introduction 
to this subject, a very simple case of wave interference is discussed in 
the following paragraph* 

Figs, la and 2a depict in a rough way the interference resulting 
from two independent sources of spherical waves of the same ampli- 
tude. In the first case they are spaced }4 wave-length but are assumed 
to be oscillating in phase. In the second case the two sources are sepa- 
rated in space by 14 wave-length and in phase by 14 period. Crests 
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and troughs are represented respectively by solid and dotted lines. 
At points where either two crests or two troughs arrive simultaneously 
the resultant wave is greatly enhanced, whereas at certain other points 
crests and troughs arrive together, thereby neutralizing each other's 
effects* At certain intermediate points these interfering effects are 
only partially complete. Accompanying each figure is a directive 
diagram (lb and 2h), plotted in polar coordinates, which shows the 
effectiveness of the wave in each direction. The circle drawn outside 
each diagram indicates the effect if the radiation had proceeded (rom 
a single non-directional source similar to each of the above. The 
ratio between the areas of the circle and the inscribed diagram gives 
roughly the power improvement of such a device as manifested in the 
intensity of the radiated wave- A more exact calculation of this 
improvement requires an integration of the force components over a 

unit sphere. 

Linear Antenna Arrays 

Most directive antenna systems now in general use for short 
waves may be regarded as special applications of the linear array. 
This type consists of two or more antennas all having currents of equal 
amplitude, equispaced along the same straight line. The properties 
of such arrays have been treated very generally by Foster,* whose 
paper included several hundred directive diagrams, taken in a bi- 
secting plane perpendicular to the axis of each antenna of the array, 
and typical of the results which may be expected from two antennas 
and from arrays consisting of 16 antennas, A portion of these dia- 
grams haw been reproduced in Figs. 3 and 4 below. The same 
principles are applicable to both transmission and reception. 

In Fig. 3 are shown diagrams resulting from two antennas as the 
separation is increased from to 1 wave-length in steps of % wave- 
length and the phase increased from to M period in steps of Y% 
period. The line or axis of the array is assumed to be horizontal and 
the specified phase difference is such that the current in the right- 
hand antenna is lagging for a transmitting system and leading for a 
receiver. It will be noted that for phase differences of both and X AT 
the diagrams are symmetrical about both the horizontal and vertical 
axes of the figure, whereas for other phases the figures are asymmetrical 
about the vertical axis except for certain limiting cases. Of these 
asymmetrical diagrams, that corresponding to phase and spacial sepa- 
rations both of y x (Fig, 3b) is of particular importance and forms 
the basis of the so-called reflector effect. This particular combination 
of two sources is referred to later as a unidirectional couplet. 3 In 

«l'n this, ami in other cases to this paper, radiation is referred to as unidirectional 
when sensibly more power is propagated in one directum than in others. 
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passing it is also of interest to note that the diagram of the coil or 
frame aerial as generally used is intermediate between Figs. 3c and 
3d. Its diagram would not differ essentially from its neighbors, Figs, 
3d. 3e. or 3f» except for scale. This scale may conveniently be regarded 
as a measure of the impedance of the device, or possibly its radiation 
efficiency, but not necessarily a measure of its usefulness. 

Fig- 4 shows similar diagrams resulting from 16 antennas for vari- 
ous phase and space relations. As in Fig. 3, diagrams in the top and 
bottom rows corresponding respectively to phases of and >£ T are 
symmetrical alxmt both the horizontal and vertical axes* The dia- 
grams in the top row are in general bidirectional, while the bottom row 
has one bidirectional diagram corresponding to phase and space 
differences both equal to ^. It is of interest that for the most part 
cases where the phase and space separations are numerically equal 
correspond to unidirectional diagrams- However, these diagrams arc 
only moderately sharp and thus far such arrays haw not been used 

extensively in practice 

Referring again to the diagrams in the top row corresponding to 16 
antennas all driven in phase, we note that directivity becomes progres- 
sively sharper as the spacing is increased until in the vidnity of 1S/I6X 
appendages develop which soon surpass in magnitude the desired lobes. 
This effect is present in the commercial array, and limits, as we shall 
later see, the gain that may be derived from a given number of elements. 
The diagrams shown in Fig. 4 for 16 antennas are typical of others 
where the number of antennas in linear array is fairly large. 

The Ljnkar Array and Reflector 
One type of array now in commercial use consists of two parallel 
linear arrays of equiphascd elements where the two parallel arrays are 
spaced H wave-length and differ in relative phase by Ji period. It is 
convenient to regard such a device cither as two independent linear 
arrays, each having a directional characteristic as shown in the top 
row of Fig. 4, or as an array of couplets, each couplet of which has by 
itself a heart-shaped characteristic. Both antennas of the couplet may 
be independently driven at their prescribed phase separation of % 
period, or one may derive its power from that radiated by the other, in 
which case the proper phase relation is automatically approximated 4 
and the same practical result is obtained. In the latter case one is 

4 The problem or the reflecting antenna has been considered by Wilmotte and 
McPctrie, Jour, L E. £.. 66, W t England and Crawford, /V«. /. R. £.. 17. 1277; 
August, 1928, and Palmer and Honeyball. Jour. 7. E. £., 67, 1045, Their conclusion* 
indicate chat the optimum separation between a tingle antenna and ita reflector to 
give maximum forward radiation is roughly X/3- However, it appears that when 
several antennas and reflectors are involved a separation more nearly X/4 ia optimum. 
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frequently known as the driven antenna and the other the reflector. 
This viewpoint is perhaps only a convenience and may not be al- 
together correct- An array of the above type transmits and receives 
best in a direction at right angles to its principal dimension* This 
type is, therefore, frequently known as a broadside array. 

Directive Diagrams from Arrays and Reflectors 

In Fig* 5 is plotted a series of diagrams in a bisecting plane normal 
to the axis of each antenna of the array for different broadside arrange- 
ments such as are used commercially. They are systematically ar- 
ranged horizontally in the order of the number of couplets in the array, 
and vertically with the increased spacing between adjacent couplets* 

Several different forms of such directive diagrams are possible, 
which may be plotted in either polar or rectangular coordinates* In 
one form all diagrams are roughly of constant area and relative gains 
from various antenna systems are expressed in terms of the principal 
radius vector* In the second form the length of the principal radius 
vector remains constant and the relative gain is roughly inversely 
proportional to the area of the diagram. The second of these forms has 
Iieen adopted in this paper largely because of the relative simplicity of 
the equation of the diagram and the facility with which properties of 
antennas may be determined. 

In the lower left-hand corner of Fig* 5 will be found a plan showing 
the arrangement of the elements relative to the important direction of 
transmission* At its right is the general equation of these diagrams. 
This formula is also given as equation (14) of the appendix where the 
analytical theory of arrays is developed* Below each diagram is the 
ratio of the area of the circumscribed unit circle to the area of the hori- 
zontal diagram. Here also will lie found the ratio of the area of the 
subordinate loops to the area of the main loop. The total area may be 
measured approximately with a plantmeter or calculated more accu- 
rately by equation (32) in the mathematical appendix. In making up 
Fig. 5 each diagram was accurately plotted on standard polar coordin- 
ate paper from perhaps a hundred calculated points* This was then 
reduced photographically and the several diagrams were assembled.* 

Inspection of the diagrams shows that increasing the number of 
couplets increases in all cases the sharpness of the main loop and 
hence the gain of the array* However, increasing the separation be- 

*Thc diagram* used in this paper were calculated by a group of the Department 
of Development and Research of the American Telephone and Telegraph Company, 
under the direction of Mum B. M< llaldwin* Most of the material was checked by 
Mr*. Isabel liemis, who assembled it in \x% present form and prepared the attached 
bibliography. 
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tween couplets increases the gain only up to a certain point, after 
which the formation of parasitic lobes decreases the effectiveness of the 
array- The trend of these gains may be illustrated more effectively in 
graphical form* 

In Fig. 6 calculated gain ratio is plotted against number of couplets 
giving one graph for each separation considered. These ratios are not 
based on the data given in Fig* 5, but were obtained from the integra* 
tion of the equation of the directional diagram over an arbitrary 
sphere by use of equation (27) below. It may be noted that for many 
conditions the difference between these methods of calculating gain is 
only moderate- These power ratios are for the most part linear, 
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Fig. 6— Antenna array* Calculated power ratio* vs. number of couplets. 



indicating that such gnins are proportional to the length of the array. 
This is in keeping with the view that a receiving antenna can intercept 
wave power more or less in proportion to its dimensions. It is also 
interesting to note that the slope of the curve of X/2 is approximately 
twice that for \/4 r so that 16 couplets spaced 14 wave-length give 
approximately the same gain as eight couplets spaced X A wave-length. 
This again shows that the length of the array is the most important 
criterion in determining its gain* In Fig. 7 the same data have been 
plotted in decibels. 

In Fig. 8 gains expressed in decibels arc plotted against the separa- 
tion between elements. This shows more definitely the trend of the 
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antenna gain to a maximum, after which spurious lobes become of 
imjx>rtance. Fig. 8 suggests that the spacing, giving optimum gain, 
would be the desideratum in antenna design. However, this is not 
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Fig. 7 — Antenna arrays. Calculated gains v*_ number of couplets 
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Fig. 5 — Antenna array*. Calculated gain* v*. lateral spacing between couplet*. 



necessarily the case, as we shall presently see. It has already been 
pointed out that the over-all length of array, rather than the spacing 
or the number of conductors per unit length, constitutes the most 
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important factor in determining the gain. Furthermore, minimum 
area diagrams are frequently attended by fairly large spurious lobes 
which are undesirable particularly on receiving antennas. Also the 
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Approximately X/4 and W2, 
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Fig, 10— -Approximate gains to be expected from array* of couplet* for sparing* of 

approximately a/4 and X/2. 

cost of an antenna system of a given height is more or less proportional 
toitslength t andinmanycascsisnot materially affected by the number 
of conductors present. These considerations, together with the fact 
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that proper phases may often be most readily accomplished with 
intervals of either !£ wave-length or % wave-length, have led to a 
rather general adoption of these closer spacings- 

In Fig. 9, approximate gain ratios from arrays of various lengths 
have been plotted. These arc most applicable for separations in the 
vicinity of J^ and j£ wave-length* Fig. 10 show's the same data 
plotted in decibels. Within these limits, it appears that the gain ratio 
may be expressed by the simple formula G = KL, where L is the array 
length in wave-lengths and K is approximately 5.6. The result 
expressed in decibels is C = 10 Iog»(K£). 

Measured Antenna Gains 

The degree to which the gains calculated above are approximated in 
practice is indicated by the data given in the diagrams of Figs. 11 and 
12 and in Table L 

TABLE 1 



Army 
D*mie- 
mtfca 


Nominal 

Opcnuinfl 
Frequency 
Mc&tytitfi 


Number 
CouplftU 


Spacing 


fctamd 

cfctaUrer 
Similar 

Single 
Element 

db 


Calculated 

Qftlo 

4b 


Differ- 
ence 

db 


I-A 


18 


24 


V4 


\$3 


15.0 


+ 0.3 


2-A 


18 


24 


m 


15.2 


15.0 


+ 0,2 


3-A 


18 


24 


m 


15.0 


15.0 


0*0 


1-B 


12 


24 


W4 


15.6 


15.0 


+ 0.6 


2.B 


12 


24 


X/4 


14.5 


15.0 


-0.5 


3-B 


IS 


2-1 


X/4 


13.6 


1S.0 


-M 


4-B 


15 


24 


V* 


16.6 


15.0 


+ 1.6 


2-C 


10 


24 


X/4 


16.3 


15.0 


+ 1.3 


3-C 


10 


24 


X/4 


15.5 


15.0 


+ 0.5 


!-C 


9 


18 


X/4 


13,6 


13.8 


- 0-2 


D* 


14 


9 


\fZ 


13.0 


13-7 


-0.7 



*This antenna actually consisted of two array* of four couplets each spaced 
laterally by one wave-length* The resultant diagram of such an array ia for all 
practical purposes the same as that produced by a continuous array of nine couplets. 

Fig. 11 shows a calculated diagram corresponding to certain 
receiving arrays used in the transatlantic telephone service between 
America and England. Several points arc plotted on this diagram 
which correspond to the relative strengths of signals received at vari- 
ous angles* These points were obtained by observing the relative 
received signal voltage, measured on a standard field-strength measur- 
ing set connected to the array as an electric oscillator of constant 
amplitude was carried around the array at a distance of perhaps 20 
wave-lengths. The plotted data correspond to the case where the 
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reflector was "floating." Although this arrangement most nearly 
corresponds to the conditions assumed in the calculated curve, it is not 
necessarily the most desirable adjustment to minimize noise arriving 
from the rear. This diagram corresponds to the antennas designated 
as 1-A, 2-A| and 3-A in Table I, These antennas consist effectively of 
24 vertical couplets spaced horizontally at intervals of % wave-length. 
In this table are given further data on the strength of signals 
received on arrays, as compared with those received simultaneously on 
a single element of similar structure and height above earth. The 
different antennas represented involve varying conditions of wave- 







*o* GO- 


TO* BG 


!-:■' 


4C* 


i-' 






























bo* 


flO* 
















«* 


















-* 






















5 1 




02 


















a* 



















06 



OB 



9 



Fig, II — Calculated directional diagram. Twenty-four couplets spaced one-fourth 
wave-length. Circle* indicate experimental points. 

length, height above earth, adjacent terrain, and types of support* 
These details are not believed to be of sufficient importance for dis- 
cussion here. Two different array lengths are represented. The rela- 
tive gains were substantially the same when observed on a local source 
of waves and when the signal came from a distant station* The last 
array represented in Table I was one used for transmitting. To effect 
the test, equal power was transmitted alternately from the array and 
from a single element while comparative measurements of electric 
field strength were made at a distance of approximately 3500 miles. 
The datum given is the mean of perhaps 100 observations extending 
over a total of eight hours on three different days. Two errors are 
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involved in the data of Table I. One is due to the doubtful magnitude 
of a correction necessary to account for the various heights at which 
the arrays were located above the earth and the second is the error of 
measurement of gain as compared with the reference antenna. These 
errors are approximately equal and together amount to ± 1 db. 

In order to test further the agreement between measured gains and 
those calculated from the simple assumptions above, a receiving array 
was assembled step by step and corresponding measurements made. 
Certain precautions, such as to maintain impedance matches at points 
of coupling, were observed. The resulting data were plotted as points 
in Fig* 12, A smooth curve represents the corresponding calculated 
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data- It will be observed that the measured values are consistently 
higher than those calculated at the lower end of the curve, and in this 
region the agreement can hardly be regarded as satisfactory. How- 
ever, limited time prevented a thorough study of the errors of measure* 
ment. Consequently these limited data may not be regarded as any 
adequate test of the theory. 

Combinations of Arrays 

It may be shown that two or more similar directive systems may 
be combined to give a total directive effect, represented by the product 
of the individual effect, multiplied by the group effect. This principle 
is partially covered by equation (35) of the mathematical appendix. 
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Two cases are of special interest First, it is sometimes desirable to 
divide an array into two or more bays, in order to make room for a 
supporting structure. This, of course, gives rise to a definite discon- 
tinuity in the over-all array. 

Fig. 13 shows a series of diagrams resulting from a typical case 
of two such arrays, each having a length of 2}4 wave-lengths but 
separated variously from to 2 wave-lengths in steps as noted. These 
diagrams, of course, do not take into consideration the reaction re- 
sulting from proximity to an antenna mast, located in such an opening. 
The most important result is to emphasize the spurious Iotas, as the 
spacing between arrays is increased. 

A second effect of grouping which is of considerable interest is that 
of varying the direction of transmission by altering the respective 
phases between two or more arrays or between sections of the same 
array. In Fig. 14 a series of diagrams is shown for a typical case of 
two 3ji wave-length arrays, spaced one wave-length. AH elements in 
the same array are driven in phase, but the two arrays differ in phase 
by various amounts, as noted. It will be observed that the possible 
rotational effect is very limited- The general equation for this diagram 
is given by formula (36) of the mathematical appendix. 

This effect was investigated further by assuming a continuous array 
lyi wave-lengths long, made up of 10 couplets spaced at intervals 
of y$ wave-length. The results arc depicted in Fig. IS. The top row 
assumes that the array is divided into two sections of eight couplets 
each. This gives similar but not exactly the same results as those of 
Fig, 14. The array, however, might have Ijccii divided into other sec- 
tions for purposes of phasing. The various possible combinations are 
tabulated lxlow: 

Number U Number erf fmi^M 

Section* j#t Sniton 

2 8 

4 4 

" * * * * * . . * * * ****** *..*■»**■«..***«*»»»■ ■ £ 

16, i ... i I - . >4 , , . .] 

Diagrams in rows two. three, and four show that, as the array 
continues to be divided into smaller sections, the direction of trans- 
mission is capable of greater variation without sensible loss of sharp- 
ness. If the array l>e divided into two sections this range is limited 
to perhaps 3 deg. as in the case depicted in Fig. 14. Although this is 
very moderate, it is extremely useful in correcting for any errors in 
the orientation of the supporting structure or possibly correcting for 
deviation of the projected radiation caused by peculiarities of the ad- 
jacent terrain. 
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If the array is divided into four sections the rotation may extend 
over a range of perhaps 9 dcg,. while for eight sections it may be 1 5 deje. 
The final case of 1 6 sections of one couplet each permits of considerable 
flexibility such as would be useful in operating with several distant 
stations in the same general direction. It should be pointed out, how- 
ever, that the problem of making 16 phase adjustments each time a 
station wishes to change its direction of transmission is of considerable 
magnitude. For the particular case illustrated above it appears that 
the maximum rotation of the projected radiation is more or less pro- 
portional to the number of sections into which the array is divided. 
It may readily be seen from the two top rows of diagrams in Fig. IS 
that continued addition of phasing amounts effectively to negative 
rotation. This may also be seen from an analysis of the equation of the 
diagram, 

Fields of Linear Arrays 

The successful use of an array of couplets to give untdirectivity 
suggests that the use of more than two parallel linear arrays might 
further be employed to advantage.* Obviously many such combina- 
tions are possible, but one of some interest has been investigated 
below. As a concrete example of this variation of gain with arrange- 
ment of arrays, a series of diagrams for 36 elements has been plotted 
in Fig, 16. The condition of spacing and phase intervals between 
columns of each of \^\ has been chosen. The horizontal character- 
istic is given for separations between rows of both K and M wave- 
length- The vertical characteristic common to these two separations 
is also shown. The equation of the diagram is given in formula (17) 
of the mathematical appendix below. 

It will be observed from Fig- 16 that the horizontal directivity is 
for the most part only moderate, but approaches a maximum for the 
condition where a long broadside array prevails, whereas the vertical 
directivity is increased by increasing the number of columns in the 
field, A substantial loop will 1* found near the rear of diagrams corre- 
sponding to an odd number of columns. It is of further interest that, 
as far as horizontal directivity alone is concerned, the optimum may 
be derived either from a single array of 36 elements or from 18 couplets. 
Considerations of both minimum interference and total gain, however, 
make the latter preferable. These conclusions may also be reached by 
more direct analysis, 7 

•U, S, Patent 1.645,323, John Stone Stout, September 27. 1927. 
'Wilmotle, "General consideration* of the directivity of beam syrtcm*, Jour. 
I. E. £ M «, 955. 
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Stacked Antennas 

Thus far the discussion has centered mainly around directivity 
produced by placing vertical antennas in horizontal array. Added 
gain may be had also by incorporating directivity in a vertical plane.* 
This is frequently accomplished by arranging individual antennas one 
above another with their axes collinear, and is sometimes known 
as stacking. The fundamental principles of analysis are the same as 
those already utilized- However, an approximate correction must l>c 
allowed to account for the fact that the radiation from a linear oscilla- 
tor increases from zero along the axis to a maximum in a plane per- 
pendicular to the axis. The directional characteristic in planes passed 
through and parallel to such a radiator is approximated by two 
tangent circles. 

Fig. 17 shows a series of directional diagrams indicating the re- 
sults of stacking unidirectional couplets. The diagrams shown refer 
to the plane passed through the axes of the two linear oscillators com- 
prising the couplet. On each diagram is a unit circle corresponding to 
a single point source. Inscribed are the two tangent circles, represent- 
ing the vertical directional characteristic of a single linear source. 
Inside one of the tangent circles is the final directional diagram of the 
stacked array. The ratio of the area of the tangent circles to that of 
the characteristic diagram is given under each figure. This may be 
regarded as a rough measure of the relative gain. These diagrams are 
arranged horizontally in order of increasing number of couplets and 
vertically in order of separation. It frequently happens in practice 
that each radiator is approximately >S wave-length long so it is con- 
venient to utilize a vertical spacing interval also of yi wave-length. 
Consequently the second row of diagrams is probably of greatest 
practical interest. In calculating these diagrams earth effects have 
been ignored. 

In Figs, 18 and 19. the gain in decil>els to l>e expected from sucking 
couplets has been plotted against number of couplets and fractional 
wave-length spacing. These values, like those (or Figs. 7 and 8 above, 
were calculated by integrating the equation of diagram over a sphere 
of arbitrary radius. This was accomplished by use of equation (30) 
below. On account of the limited data at hand. Figs. 18 and 19 
should be regarded only as a convenient method of illustrating the 
trend of the variables. These indicate that somewhat lower corre- 
sponding improvements result from stacking than from increasing the 
length of an array. 

■ U. S. Patent I ( 68J f 739. John Stone Stone, September ll t 1923. 
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Fig. 18 — Calculated gain* from Marked antenna*. 
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Fig. 19 — Calculated gains from stacked antenna*. 
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Arrays Incorporating Both Horizontal and 
Vertical Directivity 

The gains of arrays combining both horizontal and vertical direc- 
tivity may not be simply calculated by adding the gains (expressed 
in decibels) corresponding to elements arranged respectively along the 
two principal coordinate axes* However, they may be calculated 
except for earth effects by means of equation (26) below. Some cal- 
culations of this kind have been made and the data are tabulated below. 
They assume a total of 36 couplets which arc arranged variously as 
noted. In the first case all 36 couplets are arranged as a simple 
horizontal array, The second case assumes that they are arranged in a 

TABLE II 

N L ii \n i uf {'tturilflf Number of Om^tt Coin over Stack 

AliAt Hatuouul Atant Vertical Hall-Wjvc Element 

^^A*i* AxU Dedteli 

N N G 

36 1 19.7 

18 2 19.0 

12 3 18.9 

9 4 18.8 

6 6 18.7 

4 9 18.6 

1 36 17,5 




1 lg. 20 — Approximate three-dimensional diagram. Linear antenna array with 
re (lector. Aperture two wave-lengths by eight wavelengths. 



broadside rectangle two elements high and IS elements wide. This 
combination may be regarded as two arrays of 18 couplets arranged one 
above the other. The third case similarly assumes three arrays of 
12 couplets each. A separation between couplets of ; j wave-length 
has been assumed throughout. The most economical arrangement of 
such an array depends not only on the relative costs of real estate 
and towers but also on feed-line losses and effects due to the proximity 
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of the earth. The latter have specifically been omitted in this dis- 
cussion. 

Fig* 20 shows roughly the calculated directional characteristics of 
a typical stacked array incorporating both horizontal and vertical 
directivity. The planes passed through the diagram serve only as 
convenient references to assist in visualizing the horizontal and vertical 
diagrams. Earth effects of course, have been ignored. 

Appihdd 

A general case of linear arrays which includes those used exten- 
sively in short-wave radio work, consists of a number of sources equi- 
spaced and equiphased along each of the three principal coordinate 
axes such that the space between sources is made up of rectangular 
parallclopipeds with the individual sources located at each corner 
This may he regarded as N parallel planes each made up of N parallel 
columns where each column is made up of n individual radiating ele- 
ments. The arrangement is made more evident by Fig. 21. The 





Fig; 31- 



eral case of linear antenna army** 



usual conventions for representing three-dimensional space have been 
adopted. We may designate the spacing between elements along the 
x t y t and s axes, respectively, by a\, A\, and A\ and their corresponding 
phase displacements between adjacent elements along the three princi- 
pal axes by bT t BT and BT. 

The distance from any point in space to a particular radiator is 



RnSN = R-{N- 1)A\ cos 



(1) 



4 sin $ — (» — l)a\ sin sin 
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Similarly the lime phase of any particular clement relative to the 
origin is 

i..v« = [(« - l)b + (N- \)B + (N- l)B]T. (2) 

The instantaneous value of the electric field al any remote point P 
due to one of these sources is given by 

E.- - A cos Y<rf - *»*> + «»' = A cos *„*, (3) 

where n' ™ nN. 

The resultant interfering effect at a point P due to n' such sources 
all of equal amplitude is given by 

£*=«'£**+ 2Eo*[cos (f,-fc)+ cos(f,-^,)+ cos (fi-fc)+-* • elc. 

+ cos (*i-iW+cos (it-h)+ cos (1rt-<h)-i etc. 

+ cos Oi-&)+ cos (*i-&) H etc. 

+ cos (*„•_, -*.•)} W 

The summation above gives rise to three series as follows: 

S, - (» - 1) cos 2ir(fl sin ■ sin 4> +■ b) 

+ (n - 2) cos 2-2*(a sin • sin * + b) 

+ (» — 3) cos 3-2ir(o sin ■ sin * + b) + • ■ - 

+ cos (« - l)-2T(asin $• sin* + b), (S) 

S w - (N - 1) cos 2»(/f sin - COS * + B) 

+ {N - 2) cos 2 -2* (-4 sin 9 ■ cos * + B) 

+ (N - S) cos S<2*(A sin ■ cos* + B) + •-■ 

+ cos <JV - l)-2TfyI sin - cos * 4- B), (6) 

S, = (A* - 1) cos 2x(i4 cos 4- *) 

+ (A* - 2) cos 2-2t(4 cos 9 + B) 

+ {N - 3Jcos3-2*(ilcosfl + B)H 

+ cos {AT - l)-2»(il cos tf + fl). (7) 

such that 

£» - Eft* + 25J(A- + 2S.)(JV + 2$). (8) 

Each series is of the type 

S = (rt - 1) cos x + (n — 2) cos 2x 

+ (h - 3) cos 3x + - ■ • + cos (n - 1)*' (9) 
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which is readily summed giving 



sin' — 



(cosn*-l) = 2_ 

(a**-l) ^x 

so 

P mi P sin «Tr(g cos ^ * sin 8 + ft) 
sin r(a cos * - sin + A) 

sin #*M gin ■ sin J + B) sin NxjA cos fl + B) 
>i\\ rl,-l ^iiii 9 - sin tf ; Bj sin t(v4 COS + B) 



(ii) 



Reducing to common voltage level and including a term sin to cover 
the case of radiation from linear oscillators we have for the equation 
of the directional diagram 



__ sin n*(a cos 6 - sin + b) 
n sin r{a cos * • sin + b) 

sin iVxM sin ■ sin g + fi ) # sin Af y (A cos g + B) 
" JtfsingrM sin ** sin ff + B) * tfsinir(dcos + B) 



am 



(12) 



It will be recognized that this equation is made up of four factors. 
The first three account for the effects of the disposition of elements 
along the x r y, and z axes, respectively, while the fourth, of course, 
accounts for the direction of radiation from a linear oscillator. This 
is an equation giving magnitudes only. In plotting polar diagrams 
from this equation negative signs have no physical significance, and are 
plotted in a positive sense. 

An examination of this equation shows that there arc many possi- 
bilities which allow* radiation in preferred directions, and at the same 
time limit it in others. Some of these are discussed below. 

Special Cases 
If we assume n = 2, a = £, 6 = — J and B = B = 

_ sin (NwA sin # ■ sin 0) sin (NwA cos 0) 
IV sin (tA sin « ♦ sin 0) Wsin {*A cos 0) 

■ cos- (cos** sin — 1)- sin 0. (13) 

This corresponds to the practical case of transmission along the 
x axis from an antenna curtain and reflector made up of jV vertical 
columns of N element* each. 
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The equation for the diagram in the {XY) plane may be had by 
placing - tt/2 giving 



r 



sin {NvA sin <fc> 
N sin [rA sin <p) 



co^fcos*- 1). (14) 



which is the equation of the diagrams in Fig. 5 above. The corre- 
sponding equation for the principal vertical section may he had by 
placing <j> = and ■ it Riving 



aim 



sin (NtA cos 0) v f . A ,. , A 

r = -ip — ; — i rr cos — (sin B — 1) sin 

Ar Pin (ttj4co5 0) 4 ' 

sin (AfiM cos 0) * / - - , -\ • * 
r = -rr-. — - — z r-COS-fsin + I) Sill & 



(IS) 



which is the equation for the diagrams of Fig- 17. 

The diagram of a single linear array of point sources is specified 
by the first term of equation (12) where S = v/2 or 

sin nv(a cos + b) ft -, 

t & — 4 ; — : — tt * ( loi 

?rsin ir(acoa * + b) 

The diagrams of Figs. 3 and 4 above may be calculated from equation 
(Ift) by placing n & 2 and n — 16, respectively. This also agrees with 
Foster's equation (1). page 3G7. 2 

The diagram of a field of coplanar linear arrays such as depicted 
in Fig. 16 above follows from equation (12) by placing N ^ 1, a ^ } t 
b J and 5-0. 

If the diagram is to be restricted to the (XY) plane, = v/2 and 



sin (NvA sin *) 



(n~(cos*- 1)) 



sin j n 7 (cos 



■ ...-. • ■ v. ■— (I?) 



A r sin (rA sin tf) 



nsini ~(cos* - 1) j 



Calculated Gains from Arrays 

The flow of power through each unit area due to an advancing 
electric wave is given by the Poynting vector as 

s -±EXH, (18) 

where £ and // are vectors representing respectively, the electric and 
magnetic components of the advancing wave. 
1 Loc. rit- 
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For free space \E\ - |//| so 

Now the total power radiated through a sphere enclosing an array 
of sources is 

P, - fsdo-^f r*Ei*wn ftte/0. (20) 

A second system would give 

Pi = ~ C' fBf sin 0d*d8> (21) 

The radiated powers of these two systems might l>e so adjusted 
at the source as to give equal fields at any point along a preferred 
direction, A ratio of these powers, therefore, would be a convenient 
measure of the relative directional properties ol the two arrays. This 
"test ratio'* may conveniently be set up in terms of the equations of 
the diagrams derived above. In which case 

f / /Vsin totfrU 
ri* sin M<lxie 



■/o Jo 



If we assume all comparisons are to be made with respect to a single 
linear oscillator the denominator reduces to 8t/3, so 



= * Jo i 



rf sin M$d0. (2J) 



This ratio may conveniently be expressed in decibels. In which 
case G = 10 logto \/T is sometimes called the gain of an array. 

If we are interested in the solid array shown in Fig. 21, where 
n*N*N linear oscillators, each having respective space and phase 
serrations of a\ t bT: -4A, BT; and AK BT, are arranged progressively 
along the three principal coordinate axes, this becomes 

f*' sin* Qgfe cos $ sin 8 + b)3 
»* sin ? |_it(g <*** * S" 1 * + b)2 

sin' [A t t(4 sin » sin 9 + B)] 
# uV" sin 1 [*(A sin * sin 9 + B) j 



" **X I 
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This integration has l>een carried out by R. M. Foster who has very 
kindly placed the results at the writers disposal. Only the final 
result is given herewith: 

+ ^N%\ <A ' " K) ' "* O^B)-Q(2*KA, 0) 

+ ;n?w% iN ~ *>• cos ( 2 '**>-#°. 2 '* A ) 

+ HWnL %[ ( " - kKN - *>" «■ < 2rA ' fl > 



■ cos (2^rfti)•C l (2rV* , fl , + /CM», 0) 

K)(JV-X)-co9(2irii:fi) 
cos (2*KB)-Q(2xKA, 2rSA) 



j^ '£*£ (N - K)(N - JO- cos (2*KB) 






(2-**).(>(2**a, 2t*:,4) 

■ cos (2 I *A) 1 cos_(2»iCB). cos (2*-*/?) 
•(?(2W*V + JEM*. 2.-JM). <25) 



Where llit funcliun 



«*. y> - jpTfi*™ <^+?> + £+3$«* <^+^ 



In particular 



" fr« + jjfc 8 «in <V*' + y). (25a) 



and 



0(0, «) - - ^ + ^ ■ (25c) 

Special Cases 

(1) If we assume n = 2, d - }. b m - j and B - fl - 0. the test 
ratio is given by 
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+ 



EEn~ K){N - K)-Q(2tKA,2*KA). (26) 



-vWiftr.^i 



This, like equation (13), corresponds to the practical case of 
transmission from an antenna curtain and reflector each made up 
of A' vertical columns of N elements, all driven in the same phase. 

(2) Jf we assume that no stacking is involved, then N = 1 and we 
have for the test ratio for A' couplets 

1 4- 3 "f l < n - m . T » n 2wKA (21) 

cos2irKA sin 2rKA "1 
+ {2wKA) % " (ZwKA)' J' 

This equation was used in the calculation of the data given in 

Figs. 6, 7, and 8. 

(3) If we wish to apply equation (25) to the case of a single array 
of A r linear oscillators driven in phase we have n - N - 1 and B = 0, 
so 

which differs from equation (27) by a factor of two. This indicates 
that an array of N equiphased linear couplets gives twice the field in 
the preferred direction as received from N equiphased linear elements 
radiating the same power, 

(4) Applying equation (25) to the extremely simple case of one 
couplet, n = 2, a - J, b = - i and N - N = 1 and 

T. - J. (29) 

(5) We may calculate the test ratio for a single stack of linear 
couplets (earth effects not considered) by placing N = l,n — 2, a = J 
b = — | ( and B = and get 

1 3fl fc'*w >.. rco8(2w*Jt) sin (2>JM) ] .... 
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This equation was used in calculating the data given in Figs. 18 and 19. 
(6) The test ratio for the case of the rectangular array of nN 
elements discussed in connection with Fig. 16 may be calculated by 
placing AF=l l a = j 1 &=— J and B = 0. In which case 

+ -m"t ? (» - *)(-V - K) ■ cos ( ^ 

Arras of Directional Diagrams 

In general, the areas of directional diagrams may be calculated 
from their equations by the usual integration methods. The special 
case of N couplets in horizontal array, such as used rather generally 
in practice and shown in Fig, 5 above, is of sufficient importance to be 
given here. The area of the diagram in the (XY) plane is 

5 = 7^ [7 + x?! (iV ~ K) ' J M* KA ) • cm 2 * KB 1 ■ («) 

This equation was used in calculating the data given in Fig. 5. 

The area of diagrams in the horizontal plane due to a single array 
of N oscillators is given by the equation: 

5 - ^[t + ^! (AF ~ K) ' j & tKA > ' co*2*JCb1.* (33) 

This differs from equation (32) by a factor of two and indicates that 
regardless of whether the gain is reckoned by an integration over a 
unit sphere or in terms of the area of the horizontal diagram the effect 
of the reflector is to double the radiated field in the preferred direction. 
Placing N = 1 in equation (32) 

S = }. (34) 

This is analogous to equation (29) above. 

* R. M. Foster. "Directive diagrams of antenna array*.** Belt Svs* Tech* Jour*. $, 
307:1924. 
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Arrays of Arrays 

Each element of a generalized linear array, such as shown in Fig* 21, 
may be replaced by a generalized array, thereby producing an array 
of arrays. 1 It may be shown that the resultant is given by an array 
factor, representing the characteristics of individual arrays, times 
other factors representing the relative position of the individual arrays 
in the array of arrays- A derivation analogous to that beginning on 
page 22 results in the equation 

_ sin ttVfa'sin <& + b') 

K " r ' «'sinir(a'sin# + fr') 

sin N>T(A'*in* + B') sin N'w(A r sin d + BQ ,,-, 
" A"sinir(-4' sin * + £')* tf'sin T(,4'sin * + SV 

where a% A'\ ami A'\ are the coordinate spacings between arrays and 
b'T t B'T, and B'T are the corresponding phase intervals, and r repre- 
sents the characteristics of one of the individual arrays. If each array 
is of the type shown in Fig, 5, r is given by equation (14) above. 
Placing n* - N' *= 1 and A" = 2 also n - 2 and B = 0, the above 
equation reduces to 

D sin i \'x (A'sin4> + B') sin N*(A sin ») * r| j ,«* 

which is that made use of in calculating the diagrams in Figs. 14 and 15. 
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